Cohen's kappa, an index of inter-rater agreement, behaves paradoxically in 2×2 tables. λ A is derived, an index from the restricted quasi-independent model for 2×2 tables. Simulation studies are used to demonstrate λ A has superior performance compared to Scott's pi. Moreover, λ A does not show paradoxical behavior for 2×2 tables.
Introduction
In clinical trials and epidemiology studies, agreement studies are often conducted in order to assess and characterize the extent to which two sets of measurements on the same unit of observation agree. Examples of such studies include when raters examine a group of subjects to determine the presence or absence of a trait, sort them into previously arranged categories, or rate them according to a previously defined scale. Examples of areas in which rater variability is of concern include the interpretations of image results in radiology, diagnoses made on the basis of laboratory measurements, or psychiatric evaluations. Data from a study in which raters A and B classify N .. subjects into k categories are the counts {N ij : i=1,…,k; j=1,…,k} where N ij is the number of Vicki Stover Hertzberg has worked in academic biostatistics at University of Cincinnati and Emory University in the Department of Biostatistics. Email: vhertzb@sph.emory.edu. Frank Xu works as a statistician for Spectrx, a medical device manufacturing firm in the Atlanta metropolitan area. Email: fxu1967@hotmail.com. Michael Haber is in the Department of Biostatistics. Email: mhaber@sph.emory.edu. This work was supported in part by US Public Health Service grant 1 R01 MH070028-01A1. subjects that are simultaneously classified as category i by rater A and category j by rater B.
A variety of measures are available to assess the extent of agreement between ratings. Because some agreement can be expected merely due to chance, an important consideration in selecting such a measure is whether or not it is a chance-corrected index. The more popular indices that are chancecorrected include the S statistic (Bennett, et al., 1954 ), Scott's pi (Scott, 1955) , and Cohen's kappa (Cohen, 1960) . Among these measures, Cohen's kappa is a popular choice, due to its intuitive means for correcting for chance. The population value for Cohen's kappa can be written as .
There are a variety of generalizations of Cohen's kappa, such as versions that are weighted for ordinal scale assessments as well as versions for use in the assessment of multi-rater agreement. In this article, the discussion is confined to the assessment of the agreement and disagreement between two raters in a simple square contingency table.
Despite its popularity as an index of agreement, Cohen's kappa exhibits paradoxical behaviors in 2×2 tables (Feinstein & Cicchetti, 1990) . For a given 2×2 Several authors (Brennan, et al., 1981 , Cicchetti & Feinstein, 1990 , Lantz & Nebenzahl, 1996 , Byrt, et al., 1993 investigated this problematic behavior. They have suggested companion statistics to be reported along with Cohen's kappa; however these companion statistics are not model-based and are arbitrary in the treatment of the correction for chance.
Thus an alternative index which does not exhibit such paradoxical behaviors is desirable. The use of a measure of agreement is explored; λ A , derived from the quasiindependent (QI) model (Goodman, 1968 ). The QI model was developed for application to k×k tables, specifically for the analysis of truncated tables (i.e., tables with missing entries due to study design or data collection). One limitation of the QI model is that it is not directly applicable to 2×2 tables. This limitation is due to lack of degrees of freedom. In this article, a restricted QI model for interrater agreement that allows for rater bias in 2×2 tables is examined. The introduction of the restriction allows us to overcome the problem with degrees of freedom.
The notion of quasi-independence assumes that a sub-table, which is part of the whole table, is independent (Bishop, et al., 1975 , Agresti, 1990 . A two-dimensional table is said to be QI if for a subset of cells U there exist constants p ri and p cj such that the probability of cell (i,j) given it is in U equals p ri p cj . The remaining cells are in U*.
Guggermoos-Holzman and Vonk (1998) showed that the QI model is related to latent class models. This relationship is exploited to apply the QI concept to the context of rater agreement studies. Suppose that there are two groups of subjects (latent classes) to be classified into k categories. Group 1 is systematically classified by all raters. If the raters agree on the classification then systematic agreement is said to have occurred; otherwise systematic disagreement has resulted due to the use of different classification rules by the raters.
For Group 1 subjects the classifications by the raters are not made independently, thus they contribute only to U*, the set of cells with systematic agreement or disagreement. Group 2 comprises subjects for whom at least one rater randomly classifies according to a multinomial distribution, that is, the raters classify these subjects with independent marginal probabilities p ri and p cj respectively. Group 2 subjects contribute to the frequencies of all cells in the table. To illustrate this concept, consider Table  1 . In this scenario, raters A and B classify 100 subjects into three categories. Unbeknownst to A and B there are 80 subjects in Group 1 and 20 in Group 2. Group 2 classifications are made using independent marginal probabilities of (0.5, 0.25, 0.25) for categories 1, 2, and 3 respectively by rater A and (0.4, 0.4, and 0.2) by rater B. The set U* comprises cells (1,1), (1,2), (2,2), and (3,3). In U*, the cells (1,1), (2,2), and (3,3) represent systematic agreement, while the cell (1,2) represents systematic disagreement. Systematic disagreement may arise when the raters use slightly different rules for classification. In the case of Table 1 , the rules used by rater A are such that s/he tends to over-read category 2 subjects versus category 1 in comparison to rater B.
Suppose that λ is the proportion of the population of subjects in Group 1 and 1-λ is the proportion in Group 2. Thus λ is the total proportion of systematic agreement and disagreement. If cell (i,j) is in U* then define d ij = 1, and d ij = 0 otherwise. When i=j, χ ij is the proportion of systematic agreement and when i≠j, χ ij is the proportion of systematic disagreement, defined only for cells in U*. For
be the conditional probability that a subject is classified into that cell given that it is in Group 1.
. By the total probability theorem, the probability of cell (i,j) can be written as
One may solve for λ by multiplying both sides of equation (3) Note the similarity of λ to the formulation of a chance-corrected agreement index. In this formulation the terms d ij are terms that must be specified before any further calculations can be made. There are k 2 -1 degrees of freedom available in the k×k table, of which 2(k-1) are the parameters for the marginal probabilities. Thus, at most (k-1) 2 parameters of the d ij can be set to 1 in equation (4). As a result, the QI model can only be used in k×k tables where k ≥ 3.
Furthermore, λ can be expressed as the sum of systematic agreement and disagreement as follows: 
The log-likelihood of the general QI model then is given by
The unknown parameters are p ri , p cj , and χ ij , with λ=∑χ ij .
The following iterative procedure may be used to derive the maximum likelihood estimates for the model: To derive these estimates one must set d ij = 1 or 0 on the basis of either a priori knowledge or using a data driven method. Agresti (1990) Source: Derived from Landis and Koch (1977) as described in Agresti (1990) Note the relatively small amount of agreement in cell (2,2) (5.9% of the 118 observations versus 18.6%, 30.5%, and 8.5% in cells (1,1), (3,3), and (4,4) respectively) and the large error frequency in cell (4,3) (14.4%). Setting U* to contain cells (1,1), (3,3), (4,4), and 
Methodology
For the case of 2×2 tables, it is assumed that i=1 or j=1 indicates that the prevalent condition is positive. Due to lack of degrees of freedom, it must also be assumed in this case that only agreement is systematic, i.e., there is no systematic disagreement. Thus U* contains only the two diagonal cells. The model can now be rewritten as
for i = 1, 2 and j = 1, 2, where 0 ≤ p ri ≤ 1, p r1 + p r2 = 1, 0 ≤ p cj ≤ 1, p c1 + p c2 = 1, 0 ≤ χ ii ≤ 1, and 0 ≤ λ = χ 11 + χ 22 ≤ 1.
As mentioned above, there are three degrees of freedom and four parameters: χ 11, χ 22 , p r1 , and p c1 . If no restriction is placed on the independent marginal probabilities then a restriction must be placed on χ 11 and χ 22 .
The common correlation model for Scott's pi, denoted κ s , assumes 1) no rater bias and 2) the rater prevalence in Group 1 equals that in Group 2. The second assumption follows from 3) the underlying true prevalence in Group 1 equals that in Group 2 and 4) the common rater prevalence is an unbiased estimator of the true prevalence. Scott's pi is limited by the assumption of no rater bias, in particular the assumption of no rater bias in Group 2. It is theorized that the two observers are likely to have different rater prevalence's in Group 2. In fact, many agreement studies show evidence of rater bias. Thus, to adequately apply the QI concept to rater agreement in 2×2 tables, one must assume (5) the true prevalence in Group 2 is equal to that in Group 1, and (6) the rater prevalence in Group 2 differs between raters, but the average is an unbiased estimator for the true prevalence.
Under assumption (6), χ 11 /λ A can be interpreted as the common rater prevalence in Group 1 since the two raters classify with certainty and agree. Thus, χ 11 /λ A is the best estimator of true prevalence. If then one allows for the prevalence for each rater for Group 2 subjects, then (p r1 +p c1 )/2 is also an estimator of true prevalence. Under assumption (5) then one has χ 11 /λ A =(p r1 +p c1 )/2, giving χ ii =(p ri +p ci )λ A /2. Thus, under assumptions (5) and (6) 
The maximum likelihood estimators can be derived by setting the score equations with respect to the parameters equal to zero and solving for the unknown parameters. Alternatively, estimates can be obtained by solving the equations E(N ij ) = N ij , i = 1, 2, j = 1, 2.
Thus, the following maximum likelihood estimates are obtained: (11) the estimator for Scott's pi, κ S is derived. When the assumption of no rater bias is made, the extended model (9) reduces to the common correlation model (Donner & Eliasziw, 1992 When there is no rater bias, p r1 =p c1 and κ s =λ A . As p r1 -p c1 increases, so does error(κ s ,λ A ). Table 3 shows the values of error(κ s , λ A ) at different values of (p r1 ,p c1 ,λ A ). The probability of each cell is computed according to the extended model specified in (8) given the nominal values of systematic agreement and independent marginal probabilities. The frequency of each cell is generated as a multinomial random number given the sample size, using the GENMUL routine (Brown and Lovato). For each configuration, 1000 tables were generated. The efficiency of the two indices were compared in terms of empirical bias, empirical standard deviation (defined as the standard deviation of the estimated values from the 1000 tables) and empirical residual mean square error (RMSE) (defined as the square root of the mean square of differences between the estimated values of the index and the nominal values over the 100 tables). κˆ that are visually discernible. The standard error and RMSE of both indices tend to be smaller when λ A is close to either 0 or 1, when the independent marginal probability is close to 0.5, or when the sample size is large. The new index is now compared to Cohen's kappa. Cohen's kappa corrects for chance agreement using the assumption of independence between raters. However, the assumption of independence in agreement studies is not valid. Some degree of agreement is usually expected in most agreement studies. If there is systematic agreement present, the classifications of the raters cannot be independent since the raters are dealing with the same information (i.e., the same subject) on which to base each of their classifications. The assumption of blindness of ratings is reasonable, leading to an assumption of conditional independence. Thus the formula (14) should not be used to estimate the expected agreement by chance.
Consider
Alternatively, one can use the QI concept to investigate agreement in this context. If it is assumed that no systematic disagreement is present, then equation (3) A. The case of the first paradox is illustrated by the two independent tables shown in Table 5 . The values of lambda are 0 for both table 5.1 and table 5.2. All agreement is random agreement. In these cases the observed marginal probabilities are equal to the independent marginal probabilities. Table 5 .1 has a set of symmetrical balanced independent marginal probabilities and table 5.2 has a set of symmetrical unbalanced marginal probabilities. Intuitively, the table with unbalanced independent marginal probabilities yields more agreement. A subject in table 5.1 has a 50% chance to be agreed upon by the two observers while the chance is 82% that a subject in table 5.2 will be agreed upon. The agreement is not systematic and can be considered as random agreement. Thus, a set of symmetrical unbalanced marginal probabilities yields more random agreement and less systematic agreement than a set of symmetrical balanced marginal probabilities. , table 6 .1 yields a set of symmetrical balanced independent marginal probabilities while table 6.2 yields a set of symmetrical unbalanced independent marginal probabilities. Given the same observed agreement, the amount of systematic agreement (estimated by A λˆ) should be greater for the tables with symmetrical balanced independent marginal probabilities. Thus, by using the construct of a latent class of subjects who are systematically classified, one arrives at a resolution of the first paradox. B. Consider now the case of the second paradox illustrated by the two independent tables in Table 7 . Table 7 .1 has a set of symmetrical marginal probabilities while table 7.2 has a set of asymmetrical marginal probabilities. There is no systematic agreement in either table. The observed marginal probabilities are the independent marginal probabilities. Intuitively, the agreement achieved by the observers in Table 7 .1 is much more than that in table 7.2 Thus a set of symmetrical independent marginal probabilities yields more agreement than a set of asymmetrical independent marginal probabilities. 
Next consider

Conclusion
It has been shown how the quasi-independent concept can be applied to studies of inter-rater agreement. When applied to 2×2 tables, the use of the QI concept results in a paradigm for agreement that resolves the paradoxical behavior of the popular measure, Cohen's kappa, although the resulting measure can only be derived after the user decides on cells representing systematic agreement or disagreement. This measure has other desirable properties; specifically it allows for assessment of the independent marginal probabilities, which can be reported as companion statistics. Unlike the other statistics that have been suggested for reporting along with Cohen's kappa, these independent marginal probabilities are modelbased. Thus, further use and study of the application of the QI concept in inter-rater agreement studies is warranted. Source: Derived from Feinstein and Cicchetti (1990) 
